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\’Elie Cartan 1938-1940 , 4
. Cartan , ,
, 3 . (1918-1924)
Laura, Somigliana, B. Segre




$\mathrm{a}$ , , , Somigliana
. Segre , $\mathbb{R}^{3}$ ,
$f$ , $\triangle f$






$\mathbb{R}^{3}$ (1937) , B. Segre [29] Somigliana
Levi-Civita (1938), $\mathbb{R}^{n}$
. (isoparametric hypersurface)
Levi-Civita . 1938 9 E.
Cartan $n$ $M(c)$ ,
. Levi-Civita $\mathbb{R}^{3}$ 1, 2
$\triangle_{1}f=|\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}f|^{2},$ $\triangle_{2}f=\triangle f$ $f$








\’Elie Cartan $M(c)=\mathbb{R}^{n},$ $H^{n},$ $S^{n}$ ( $c=0,$ $-1,1$ )
, . ,
Proposition 2.1 [3] $f$ : $M(c)arrow \mathbb{R}$ \Leftrightarrow f
\Leftrightarrow f $\backslash$
Corollary 22 $M$ ,
, $M$ .
,
. , \’Elie Cartan
.
Proposition 23[5] $\lambda_{1},$ $\ldots,$ $\lambda_{g}$ , $m_{1},$ $\ldots,$ $m_{g}$
, $i,$ $1\leq i\leq g$ , .
$\sum_{1\leq j\leq g,j\neq i}\frac{(c+\lambda_{i}\lambda_{j})m_{j}}{\lambda_{i}-\lambda_{j}}=0$ .
33
.Corollary 2.4 $g\geq 3\Rightarrow c>0$ .













, $\mathbb{R},$ $\mathbb{C},\mathbb{H},$ $\mathbb{O}$
. $\mathrm{K}$ ,
$H(3, \mathrm{K})=\{X\in M(3, \mathrm{K})|X=X^{*}\}$ , $M(3, \mathrm{K})$ 3
$X,$ $\mathrm{Y}$ Jordan
$X \mathrm{o}\mathrm{Y}=\frac{1}{2}(X\mathrm{Y}+\mathrm{Y}X)$
Jordan , , SO(3),
$SU(3),$ $Sp(3),$ $F_{4}$ . Cartan
52 $F_{4}$
. $M=F_{4}/Spin(8)$ ,
$E_{6}/F_{4}$ , $M$ Spin(8)
$T_{p}M$ $E_{1}\oplus E_{2}\oplus E_{3}$ 3 .
$E_{1}$. Spin(8) ,
, Haff Spinor 2 ,
3 . $M_{\pm}=F_{4}/Spin(9)$
, Spin(9) $T_{p}^{[perp]}M_{+}(\cong \mathbb{R}^{9})$




1. $g\ovalbox{\tt\small REJECT} 3$ $m,$ $\ovalbox{\tt\small REJECT} m_{2}\ovalbox{\tt\small REJECT} m_{3}$ .
2. $g$
$g$
$\triangle_{1}F=g^{2}(x_{1}^{2}$ . . $x_{n+2}^{2})^{g-1}$
, $g=3$ Jordan







). , 1 [32], 2 -
[26] ,
Grove-Helperin [11].
, Cartan 1 ,
.
1. $g$ , $g$
?
2. $g\geq 4$ ?
3. ?
3Cartan $1\backslash \mathcal{A}\ovalbox{\tt\small REJECT}$
Cartan , 1 M\"unzner $[23, 24]$ , 2
[25], - [34] , 3 - [26],
Ferus-Karcher-M\"unzner [10] .
Cartan , 1973 ,
, 2
$(m_{1}, m_{2})=(1, n-1)$ [25].
(1971) , , Hsiang-Lawson
[12], 2
.
. 1972 - [34]
35
, $g$ 1,2,3,4,6 .
, 2 $(m_{1}, m_{2})$ , $g=4$
, $(m_{1}, m_{2})=(1,p-2),$ $(2,2p-3),$ $(4,4p-5),$ $(2,2),$ $(4,5),$ $(6,9),$ $g=6$
, $(m_{1}, m_{2})=(1,1),$ $(2,2)$ .
M\"unzner , 2
$m_{i}$
$\mathrm{A}\mathrm{a}$ , $m:=m:+2$ modulo $g$
. $\lambda_{i}$ .
$g$ . M\"unzner
$S^{n}$ $f$ $F:\mathbb{R}^{n+1}arrow \mathbb{R}$ $g$
$\{$
$\rceil \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}F|^{2}$ $=g^{2}r^{2g-2}$ , $r(x)=$
$\triangle F$ $= \frac{m-m}{2}g^{2}r^{g-2}$
$S^{n}$ , Cartan-
M\"unzner .
Corollary 3.1 $S^{n}$ ,
.
M\"unzner $M_{\pm}$ $M_{\pm}$
, $\dim H^{*}(M, \mathbb{Z}_{2})$
$=2g,$ $g=1,2,3,4,6$ , 1 .
, 1976 -










Proposition 3.3 [31] $(m_{1}, m_{2})$ .
$g=4$ 1, 2 $(m_{1}\neq$



















$S^{N}$ $M^{n}$ austere $\Leftrightarrow M$
.
austere submanifold . $g$
$\lambda_{i}=\cot(\theta+\frac{i-1}{g}\pi)$ $0< \theta<\frac{\pi}{g},$ $1\leq i\leq g$
. $\theta=\frac{\pi}{2g}$ , $\lambda_{g-i}=$
$-\lambda_{i}$ , austere . $M_{\pm}$
, $\mu_{i}^{\pm}$
,
$\mu_{i}^{\pm}=\frac{1+\lambda_{\pm}\lambda_{i}}{\lambda_{\pm}-\lambda_{i}}$ , $\lambda_{\pm}$ $\lambda_{i}\neq\lambda_{+}$ $\lambda_{i}\neq\lambda_{-}$











4.2 Special Lagrangian submanifolds
$\mathbb{R}^{n}\oplus \mathbb{R}^{n}\cong \mathbb{C}^{n}$ $J$ , $\omega=\subset-12\sum dz_{j}\wedge d\ovalbox{\tt\small REJECT}$
. $(\mathbb{C}^{n},\omega)$ .








$\epsilon_{n}$ $n$ $\zeta=\epsilon_{1}\wedge\cdots\wedge\epsilon_{n}$ ,
$U\in U(n)$ , $\epsilon_{1}\wedge\cdots\wedge\epsilon_{n}\wedge J\epsilon_{1}\wedge\cdots\wedge J\epsilon_{n}=U(e_{1}\wedge\cdots\wedge$
$e_{n}\wedge Je_{1}\wedge\cdots\wedge Je_{n})$ . $\zeta_{0}=e_{1}\wedge\cdots\wedge e_{n}=\mathbb{R}^{n}$ .
$n$ $\zeta\subset \mathbb{C}^{n}$ special Lagrangian
$\Leftrightarrow\zeta$ Lagrangian , $SU(n)$ $A$ $\zeta=A\zeta_{0}$ .
“special” special unitary special .
,
Theorem 42 $(\mathrm{H}\mathrm{a}\mathrm{L})\alpha=\Re dz=\Re dz_{1}\wedge\cdots\wedge dz_{n}$ comass one,
$\alpha(\zeta)\leq|\zeta|$ $\zeta$ special Lagrangian .
comass one $n$ special Lagrangian caribration
. $\alpha=\Re dz$ special Lagrangian caribration .
$\mathbb{C}^{n}$ $n$ $M$ special Lagrangian
\Leftrightarrow $T_{p}M$ special Lagrangian
$M$





Theorem 4.3 $(\mathrm{H}\mathrm{a}\mathrm{L})M$ $X$ , $M$
$NM$ $T^{*}X$ La-
grangian submanifold . $\mathrm{V}_{}^{arrow}$
(1 ) $X=\mathbb{R}^{n}$ , $NM$ $T^{*}\mathbb{R}^{n}$ Lagrangian submanifold ,
$special\Leftrightarrow M$ austere. $M$ .
(2) $M$ $S^{n-1}$ austere submanifold
$CN(M)=\{(tx, s\nu(x))\in \mathbb{R}^{n}\oplus \mathbb{R}^{n}|x\in M, t, s\in \mathbb{R}\}$
$\mathbb{R}^{2n}$
$n$ special Lagrangian cone. $\nu(x)$ $M$
$S^{n-1}$ .
(2) $M$ $S^{n-1}$ austere submanifold $CM=\{tx|$
$x\in M,$ $t\in \mathbb{R}\}$ austere (1) .
Corollary 4.4 $\Sigma$ $S^{3}$ , $CN(\Sigma)$
$\mathbb{R}^{8}$ 4 special Lagrangian cone .
$\Sigma$ Lawson [17] ,
special Lagrangian submanifolds ,
. [13] .
(1 ) $S^{2}arrow S^{n}$ ( ) .
$V\cong P\mathbb{R}^{2}\subset S^{4}$ $\mathbb{R}^{10}$ $\mathbb{R}^{5}$ special
Lagrangian cone .
(2) Clifford $S^{n-1}\mathrm{x}S^{n-1}arrow S^{2n-1}\subset \mathbb{R}^{2n}$ $\pm 1$
$CN(S^{n-1}\cross S^{n-1})$ $\mathbb{R}^{2n}$ special Lagrangian cone .
.
4.1 .
Proposition 4.5[15] $M$ $S^{n-1}$ ,
. $CN(M)$ $\mathbb{R}^{2n}$ special Lagrangian
cone .
, ,





$\ell$ $f$ : $Marrow S^{n}$ , $f$ : $Marrow \mathbb{R}\mathrm{P}^{n}$ Gauss
$\Leftrightarrow \mathrm{G}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{s}$
$\gamma$ : $Marrow G_{l+1}(\mathbb{R}^{n+1})$ $\ell$
.
$[1, 2]$
, . $S^{n}$ Gauss




. $\mathbb{R}^{3}$ Gauss , ,
, , , ,
$\mathrm{a}$ , . $S^{n}$ Gauss
, .
Gauss ,
. ( $=$ ) ,
, Ferus [9] ,
.
Proposition 5.1 [9] $\ell$ $f$ :
$Marrow S^{n}$ , $r$ Gauss $\gamma$ , $\ell$
Ferus $F(\ell)$ , $r<F(\ell)$ $r=0$
, $M=S^{\ell}$ $f(M)$ .








: $r<F(\ell)$ $r=0$ ?
$r=F(\ell)$ Gauss
?
Cartan . , $\ell=$







4.1 $\mu_{i}^{\pm}=0$ , $g=2,4,6$
. $g=2$ $M_{\pm}$ . $g=6$
, $M_{\pm}$ Gauss [21].
$G_{2}/SO(4)$ $G_{2}\cross G_{2}/G_{2}$
, Ferus $(\ell, r)=(5,4),$ $(10,8)$ .
[26], [10] $g=4$ ,
$\lambda_{1},$ $\lambda_{2},$ $\lambda_{3},$ $\lambda_{4}$ , $\lambda_{\mathrm{o}\mathrm{d}\mathrm{d}}$ \lambda ve $m_{1}\leq m_{2}$ ,
. [26] [10] .
(i) Clifford : $(m_{1}, m_{2})=(1, k),$ $(2,2k-1),$ $(4,4k-$
$1),$ $(6,9)$
(ii) Clifford : $(m_{1}, m_{2})=(2,2),$ $(4,5)$
(iii) Clifford : $(m_{1}, m_{2})=(3,4k),$ $(7,8k)$
[10] $\dim M_{-}=2m_{1}+m_{2},$ $\dim M_{+}=m_{1}+2m_{2}$ .
Proposition 52[15] $M$ $g=4$ . $(m_{1}, m_{2})=$
$(1, k-2),$ $k\geq 3$ , $M_{+}$ Gauss ,
$(\ell, r)=(2k-3,2k-4)$ ; $M_{-}$ Gauss .
$(m_{1}, m_{2})=(2,2k-3),$ $(4,4k-5),$ $k\geq 2$ , $M_{-}$ Gauss
, $(\ell, r)=(2k+1,2k),$ $(4k+3,4k)$ ; $M_{+}$ Gauss
. Ferus Gauss
.
, $p\geq 1,$ $q\geq 2$ $F(2^{p}+1)=2^{p},$ $F(2^{q}+3)=2^{q}$
, $(m_{1}, m_{2})=(2,2^{p}-3),$ $p\geq 2,$ $(4,2^{q}-5),$ $q\geq 3$
$M_{-}$ .
41
Proposition 53[15] $M$ $g=4$ . $(m_{1}, m_{2})=(2,2)$
, $M_{+}$ Gauss , $(\ell, r)=(6,4)$
Ferus ; $M_{-}$ Gauss
. $(m_{1}, m_{2})=(4,5)$ $M_{-}$ Gauss , $(\ell, r)=(13,12)$
, $M_{+}$ Gauss .
(iii) , $M_{+}$ Gauss
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